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Abstract 

We will study two types of special solutions of the sixth Painleve equation, which are invariant 
under the symmetries obtained from the Backlund transformations. In most cases, the fixed points of 
the Backlund transformations are classical solution, but our solutions are not classical for generic pa- 
rameters. We will calculate the linear monodromy of these solutions exactly, and we will characterize 
them on Fricke's cubic surface of monodromy. 

1 Introduction 

R. Fuchs showed that the sixth Painleve equation is represented as an isomonodromic deformation condi- 
tion of the Fuchs type linear equation with four regular singular points [2] ■ Gamier showed that every type 
of the Painleve equation is also obtained from monodromy preserving deformation of linear equation |S] . 
Nevertheless it is difficult to calculate the monodromy itself for the generic Painleve functions. 

We call the monodromy data of the linear equation as a linear monodromy of the Painleve function. 
Our interests is in the Painleve function whose corresponding linear monodromy can be determined 
exactly. In this paper, we call such Painleve functions monodromy solvable. 

One example of monodromy solvable Painleve functions is Umemura's classical solutions |16|. which 
are fixed points of the Backlund transformations. For any classical solutions, we can calculate the linear 
monodromy. But conversely, there exist some non-classical Painleve functions whose linear monodromy 
can be calculated. We are interested in non-classical monodromy solvable solutions. 

R. Fuchs is the first to find a non-classical monodromy solvable solution 0J. He calculates the linear 
monodromy of Picard's solution |15|. which satisfies the sixth Painleve equation with a special parameter. 
His work is found again in recently. 

Another example of monodromy solvable solution is a symmetric solution. The first, second and 
fourth Painleve equations 



(P2) fl = 2y 3 + ty + a, 

d 2 y _ 1 fdy\ ( 3 3 ( Ai2 t nu2 v t (5 



are invariant under the transformations 



(PI) t^pt, y^ P 3 y (p 5 = l), 
(P2) t->wt, y^oj 2 y {u> 3 = 1), 
(P4) t^-t, y^-y. 



1 



There exist symmetric solutions which are invariant under the action of the cyclic groups. The symmetric 
solutions are studied by Kitaev [5] for (PI) and (P2), and by Kaneko |SJ for (P4). For these cases, 
(y, t) = (0, 0) is a fixed point of the transformations, and there exist symmetric solutions with initial 
values at the fixed point y(0) = 0. Kitaev calculated the linear monodromy of the symmetric solutions of 
(PI) and (P2) by adopting the fixed point as the initial condition. In the same way, Kaneko calculated 
the linear monodromy of the symmetric solution of (P4) . We remark that these symmetric solutions are 
not classical for generic parameters. 

In this paper, we will construct monodromy solvable solutions of the sixth Painleve equation. 

For generic parameter, we cannot find a simple symmetry as above. However, for some restricted 
parameters, there exist two types of symmetries obtained from the Backlund transformations. One is 

oi : t 1 - 1, y^l-y, /3 ->■ -7, 7 -> -j3, 

and the other is 

a 2 ocr 1 : t -> 1/(1 - t), y ->■ 1/(1 - y), a->-(3, (3 -> -7, 7 -> a. 

The sixth Painleve equation is invariant under the action <j\ if —/3 = 7, and is invariant under the action 
(72 o o\ if a = — (3 = 7. 

In the section 3, we will show there exist symmetric solutions, which are fixed points of these actions. 
In many cases, the fixed points of the Backlund transformations are classical solutions. However, our 
symmetric solutions are not classical for generic parameters. 

In the section 4, we will show that the linearizations of these symmetric solutions arc reduced to 
the Gauss hypergeometric equations. In the section 5, we will calculate the linear monodromy of our 
symmetric solutions explicitly. 

If the monodromy matrices {Mo, M t , M\, M^} are elements of SL(2, C), then 

p 3 = trMj, Pj k = trMj-Mfc, 

satisfies the following relation: 

PQlPltPtO +Pli +Pu +PtO ~ (POPI +PtPoo)P01 ~ (piPt +P0Poo)Plt ~ (PtPO +PlPoo)PtO 

+ Po + Pi + Pt + pIo + PaPtPiPoo - 4 = 0. (1) 

It is known that the monodromy matrices {Mo, M t , Mi, M^} are determined by {po,Pi,Pt,Poo',Poi,Pit,Pto} 
upto gauge transformations ([2], [H], 0, E3)- W e call Q as Fricke's cubic surface of monodromy. In the 
section 6, we will characterize the monodromy of our symmetric solutions on Fricke's cubic surface of 
monodromy. 

Andreev and Kitaev constructed many algebraic solutions of the sixth Painleve equation, by rational 
transformations of the hypergeometric equations 0. By the rational transformations of confluent hy- 
pergeometric equation, Ohyama and Okumura constructed algebraic solutions and symmetric solutions 
of the first to the fifth Painleve equations |1H| . We remark that Boach also constructed many algebraic 
solutions of the sixth Painleve equation, whose linear monodromy is isomorphic to the complex reflection 
group 0. 

The solutions of this paper essentially appeared in But, since their interest are in algebraic 
solutions, they did not go to detail of these solutions. In this paper, we will calculate the linear monodromy 
explicitly, and we will show that they are symmetric solutions. 

The authors give thanks to Professor Yousuke Ohyama for fruitful discussions and suggestions. 



2 Linear Problem 

The sixth Painleve equation (|10|) is obtained from the isomonodromic deformation equation of linear 
equation with four regular singular points. We will use Garnier-Okamoto's linearization |14| . 

fJr+K^)^ +q(x,t)i> = 0, (2) 
Qip dip 

— = a(a:, i) — + 6(x, (3) 
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where 



p(x,t) 
q(x,t) 
a(x, t) 
b{x,t) 



1 — (X4 1 — CK3 1 — Cto 



1 



x x — 1 x — t x — y 

a 2 (ai+a 2 ) t{t-l)H VI y{y—l)z 



x[x — 1) x[x — l)(x — t) x(x — l)(x — y) ' 
y — < x(a; — 1) 



t(t-l) x-y ' 

(1 - a 4 - a 3 - a )(y -t) y(y -l)(y -t)z 



2t(t - 1) 



t(t-l)(x-y) ' 



and 



-I) 

The Riemann scheme of (01 is 



1 i y oo 
z; a 2 

OLA, OL 3 CtQ 2 «i + «2 



From the compatibility condition of (J2J and J2J), we have the following Hamiltonian system 



dy _ dH VI 
dt dz 



dz dHyi 
dt dy 



that is 



t(t - 1) J =2y(y - l)(y - t)z - (a - l)y{y - 1) - a 3 y(y - t) - a A (y - \){y - t), 



t(t-l)-^=- (y(y ~l) + (y-l)(y-t) + y(y - *)) z 1 

+ ((2y - l)(a - 1) + [2y - t)a 3 + (2y-t- 1> 4 ) z-(ax + a 2 )a 2 . 
Let us eliminate z from this system, and we have the sixth Painleve equation 



fy = 1 (I + _L_ + 1 \ (*i 

dt 2 2\y y-\ y-t)\dt 



1 1 



1 



dy 

t ' t - 1 ' y-tjdt 



y{y-l)(y-t) 
t 2 [t-lf 



a t t-l _t (* — 1) 1 

V '(y-l) 2 (y-i) 2 /' 



(4) 
(5) 
(6) 
(7) 



y(y - l)(y - t)z 2 - {a 4 {y - l)(y - t) 

+ a 3 y(y -t) + (a - l)y(y - l)}z + a 2 (ai + a 2 )(y - t) . (8) 



(9) 



(10) 



where 



2 ' 7 2 ' 2 ' 



We will calculate the linear monodromy of some special Painleve functions. 



3 Backlund Transformations of the Sixth Painleve Equation 

For the sixth Painleve equation, we cannot find a simple symmetry for general parameters. However, for 
some restricted parameters, there exist some symmetries obtained from the Backlund transformations. 
And there exist symmetric solutions of the Backlund transformations. 

The sixth Painleve equation is invariant under the following transformations |T2|: 
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a + 04 + 2a 2 + a 3 + 0:4 = 1. 



We remark that 



is an 



(SO, Sl, S 2 , S 3 , S 4 , 7Ti, 7r 2 ) 

extended affine Weyl group of type -D^, and 

(So, Sl, S 2 , S3, S4, 7Ti, 7r 2 , 01, 02, 0" 3 ) 



is an extended affine Weyl group of type 



(i) 



If « 3 = a4, @ is invariant under the action of cri, and if ot\ = a 3 = 04, 10 is invariant under the 
action of 02 oi- In the following, we will study the symmetric solutions of 04 and 02 ci- 

3.1 Symmetric Solution of o\ 

For the Backlund transformation 04 : 

y->l-y, z^-z, t->l-f, 

the sixth Painleve equation is invariant with the condition o 3 = 0:4, and one of the fixed point is 

i = 1/2, y = 1/2, z = 0. 

Since this is not a critical point of (PJ, there exist a unique holomorphic solution of (jHJ with the initial 
condition 

2/(1/2) = 1/2, 2 (l/2) = 0. 
And if 013 = a4, this solution is expanded as follows: 

00 oc 



fe=0 



fc=0 



where 



ao = 2' a i = l- a o, «2 = 0, 



a 3 = -^a {2a2(ai + 0-2) - (1 - ao)(2a2 + «i + 1)}, »4 = 0, 
6 = 0, bi = 4a 2 (ai + a 2 ), 62 = 0, 



63 = — — 0:2(0:1 + 02){a2(ai + 02) 



(ai + 2a2)(l-2ao) + ao-2}, 64 = 0, 



Proposition 1. The Painleve function Ijlll) is a symmetric solution of a%: 

y{l - t) = 1 - y(t), z(l-t) = -z(t). 

Proof. Let us set 



then the action of <j\ maps r 



r = i-l/2, A = y -1/2, // = z, 

— > — t, A — » —A, and /i — > — /x. @ becomes the following Hamiltonian 



(r 2 - |) — = 2 (A 2 - I) M (A - r) - (A 2 - i) (a„ - 1) - 2A (A - r) a 3 , 



- l) T- = - (( A " - i) + 2A (A - r)) M 2 + 2 (A(a - 1) + (2A - r)a 3 ) ,i - a 2 (ai + a 2 ). 



(12) 



4/ dr 

The Hamiltonian K is 



(r 2 - i) A' = /i 2 (A - r) (A 2 - ±) - /x { (A 2 - ±) (a„ - 1) + 2A(A - r)a 3 } + (A - r)a 2 {ax + a 2 ). 

Then 1|11[1 corresponds to the following solution of Q12JI: 

A = (1 - a )T + O(t) 3 , fi = Aa 2 (ai + a 2 )r + O(t) 3 . 

Higher order expansions are determined from (|12|) inductively, and it has only odd powers of r. Therefore 
it determines symmetric solution. Thus (|ll(l is a symmetric solution. □ 

By the Backhand transformations sq, s±, s 2 and n 2 , which are commutative with o\, we have four 
symmetric solutions around t — 1/2. 



Proposition 2. If a 3 — cn, all of the symmetric solutions on o\ around t = 1/2 are 



V 



\ = {l-a )(t-\)+O(t-\) % 
z = 4a 2 (ai + a 2 ) (t - |) + O (t - ±) 3 . 

i = (i + ao )(t-i) + o(^i) 3 , 

z=(t-l)- 1 +0(t-l), 
z = -4 ai a 2 (t - |) + O (t - i) 3 , 
z = Aa x {ax + a 2 ) (t-\)+0(t- 



i\ 3 



(S2-1) 
(S2-2) 
(S2-3) 
(S2-4) 



where (|S2-1|) is (fTTfl . 

The actions of Sq, Si, s 2 and ir 2 interchange the symmetric solutions as follows: 



7T2 



C <E23 X dE23 > 
t t 



In section T4. II we will show these symmetric solutions are monodromy solvable. 
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3.2 Symmetric Solution of cr 2 o <j\ 

For the Backlund transformation a 2 ° o\ : 



y^>-r—> z-*-(l-y)(-z(l-y) + a 2 ), t 



1 _ y , v *,v v .„ 1 _ t , 

the sixth Painleve equation is invariant with the condition ol\ = a% = on, and one of the fixed point is 

2 2uj + 1 , 2 

y = -u , z= — - — a 2 , t=-w. 

Since this is not a critical point of (|5J), there exist a unique holomorphic solution of JJjJ with the initial 
condition 

1 1\ 2 1 2\ 2w + 1 

y(-u ) = -u , z[-u ) = — - — a 2 . 
And if ax — a 3 = ct4, this solution is expanded as follows: 

y(t) = -lj 2 + (1 - a ){t + lj 2 ) + i±^ ao (l - a )(t + w 2 ) 2 + 0(t + w 2 ) 3 , 

*(f) = ^r 1 ^ - y(! - <*>)(* + + 0(* + ^f- 

Proposition 3. The Painleve function is a symmetric solution of a 2 o<j\: 

v (^) = T^yjfy z (rh) = - (1 - yW) { - z(t)(1 - y + a2} ■ 

Proof. To prove the symmetry of 02 , we set 



(13) 



-a;i — 1 -ww — 1 

A = 



t + uj ' y + lo ' 

which diagonalize the action of 02 oai: r — > wr, A — » cjA. Then the sixth Painleve equation (|1U[) becomes 

,d 2 A 4A 3 - 3rA 2 + 1 / dA \ 2 -3r 2 A + 2r 3 - 1 dX 



dr 2 2(A 3 + 1) \dr J t 3 + 1 dr 



(A 3 + l) 2 (r 3 + 1)(1 - a 2 ) + 9(A - r) 2 (A 4 - 2rA 3 - 2A + r)a 2 

2(A 3 + l)(r 3 + l) 2 ' 1 ' 



which is equivalent to the following Hamiltonian system — — — sit — _dK_. 



dr dfi ' dr dX 

dX 

rf7 



(r 3 + 1)^: =2 (1 + A 3 ) fi (A - r) + 3A 2 (A _ r ) ai + (l + A 3 ) (1 + a ) , 

(r 3 + 1)^ =^ 2 (-4A 3 + 3A 2 r - 1) - 3A^ (A (1 + a ) + (3A - 2r) ai ) - A(a 2 - l) 2 (15) 

+ ((A + r) (1 + a ) + 3 (A - r) ai ) . 

The Hamiltonian if is 

(r 3 + = a* 2 (A 3 + 1)(A - r) + ^{(A 3 + 1)(1 + a ) + 3A 2 (A - T )ati} 

+ A|(A + r)(l + oo) + 3(A - r)^ j, 

and /1 is determined by 

fft-l)(y + io) 2 dy (LU-l)(t + uj) 2 (a Q + l) (l-u 2 )^ LV 2 (l-aj 2 ) ai 
M 22/(2/ - - - w 2 ) dt 6(y - t) 6y 6(y - 1) 

+ (1 ~g )Qiiy + i {(a; - + w){l + ao) + (^ 2 - l)ai} . 



(16) 



By the action of ^oci, we have 

r — * lot, A — * lu\, fx — > w 2 /i, if — > a) if. 
There exists a solution of (|15|1 : 

A = (l- ao )r + 0(r) 4 , 
/ i = r- 1 +0(r) 2 , 

which are corresponding to l|13|l . And inductively, we have Hlfi|l in the following forms 
A = 5>„r 3 "+\ M = ^6„r 3 "- 1 . 

Therefore it is a symmetric solution. And thus (|13f) is a symmetric solution. □ 

By the Backlund transformations So and s 2 , which are commutative with a 2 o a\, we have three 
symmetric solutions around t = —lu 2 . 

Proposition 4. If oi\ = 0:3 =0(4, aZ/ 0/ symmetric solutions on a 2 ° o~\ around t = —lu 2 are 
(y = -Lu + 0(t + uj 2 ) 2 , 

\z = + 2w)a 2 - £(0:0 - 3a a - l)a 2 (i + w 2 ) + 0(* + w 2 ) 2 , 
J 1/ - -w 2 + (1 - a )(i + u 2 ) + 0{t + lu 2 ) 2 , 
\z=±(l + 2uj)a 2 + |(a - l)a 2 (t + to 2 ) + 0(t + lu 2 ) 2 , 
fy = -LU 2 + {l + a )(t + lu 2 ) + 0(t + lu 2 ) 2 , 
\z={t + uj 2 y l + |(1 + 2w)(a -ai + l) + 0(t + lu 2 ), 

where l|S3-2|) is (I13[) . The actions of sq and s 2 interchange the symmetric solutions as follows: 

s r < 32 > K3~2l) < s ° . (153^31) ^ 

There are more three symmetric solutions around t = —lu: 



(S3-1) 
(S3-2) 
(S3-3) 



y = -lu 2 + 0(t + cj) 2 , 

z = -|(1 + 2u 2 )a 2 - |(a - 3ai - l)a 2 (f + w) + 0(i + cj) 2 
' y = -lu + (1 - a )(t + + 0(t + lu) 2 , 

z = |(1 + 2w 2 )a 2 + |(a - l)a 2 (t + w) + 0{t + uj) 2 , 
' y = -to + (1 + a )(i + w) + 0(t + lu) 2 , 

z = {t + lu)- 1 + i(l + 2uj 2 ){a -«! + !) + 0(t + w), 



(S3-4) 
(S3-5) 
(S3-6) 



which correspond to i|S3-l|) . (|S3-2fl and i|S3-3|) oy w — > w 2 . TTie actions of sq and s 2 interchange the 
symmetric solutions as follows: 



3 ( 



In section f4. 21 we will show these symmetric solutions are monodromy solvable. 
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3.3 Comparison with classical solutions 

In the case of a = ((5 = 0), the sixth Painleve equation © admits the Riccati type solution 

y = t, 

dz r -i ( 17 ) 

t(t - 1)— = -t(t - \)z 2 + |l - 2t + a 3 t + a 4 (t - l)jz - (c*i + a 2 )a 2 . 

If CH3 = a 4 , l|17(l admits a solution 

V = 1/2 + (t - 1/2) , 

z = j f log [ 2 Fi (a 2 /2, (ai + a 2 )/2, 1/2, 4(f - 1/2) 2 )] , 
which is a special case of (|S2- 1|) . If cti = a 3 — a 4 , 117(1 admits a solution 
2/ = - + (t + uj 2 ) , 



d i 

Z =dt^ 



2*1 



l + ax l + 3ai 2 /-wi-l x3 ' 



I 2 ' 6 '3' \ t + uj 
f(l - i)(t + w 2 ) + (i 3 + 3ut 2 + 3(1 - w)t - 2)ai 



2i(i - l)(t 2 - £ + 1) 

which is a special case of l(S3-2(l . 

4 Transformation of the Linearization 

Since the Painleve equation is the isomonodromic deformation condition, to show the monodromy solv- 
ability of a solution of Painleve equation, it is sufficient to show the monodromy solvability at a special 
t = to . In the following, we will set such special t — to at the fixed points of a% and o~ 2 ° <xi ■ 

4.1 Monodromy Solvability of the Symmetric Solution of a\ 

We substitute the symmetric solution l(S2-l(l into (0 and take the limit t — > 1/2, then 
d 2 tp , fl-a 3 | l-a 3 i -a "\ # , («! + "2)0:2 _^ _ Q 



rfx 2 \ x x— 1 X — 1/2J dx x(x — 1) 

This is Heun's equation, whose Riemann scheme is 

C 1 1/2 oo 
Pi a 2 ;x 

[a 3 a 3 ao + 1 ct\ + a 2 

Now we set (2x — l) 2 = 1 — £, then (fll^l becomes 

rf 2 V> / 1-Q:3 1-ttQ \ dip (fill + a 2 )a 2 , _ „ 

de v e 2(e-i)j de + 4f(e-i) ' 

which is the hypergeometric equation. 

Theorem 5. The symmetric solution <(S2-1() is monodromy solvable. Its linearization J5J at t = 1/2 is 

reduced to the hypergeometric equation: 

1 00 

^ ;£ 

qp+l ai+tt 2 
"3 2 2 

^4 fundamental solution of (118(1 is given by 
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In the same way, the linearizations of 1S2-2I) , l|S2-3|) and (|S2-4|I can be reduced to the hypergeometric 
equation. 

In section 15.11 we will calculate the linear monodromy of the symmetric solutions of o\ explicitly. 



4.2 Monodromy Solvability of the Symmetric Solution of cr 2 o a\ 

We substitute the symmetric solution l|S3-2|l into (0 and take the limit t — > — lu 2 , then we have 

cPip ( 1 — ol\ 1 — ot\ — o.q \ di/j ( ai(oL\ + a.2) 2uj + 1 aoa 2 



dx 2 \ x x — 1 x + lu 2 J dx \ x(x — 1) 3 x(x — l)(x + lu 2 ) 

This is Heun's equation, whose Riemann scheme is 



ip = 0. (19) 



1 -J 1 oo f 1 -J 1 oo 

P{ a 2 -x \ =(x + Lu 2 y a *p\ a 2 ;x 

a\ «i 1 + ao ai+a2 J I ct\ a\ 1 + o.q + a 2 ct\ 



By the transformation 



X + LU 1 



(|19|l is reduced to the hypergeometric equation 



d 2 V^/2 / l + ao+2a2\ \# a 2 - 



Then we have the following. 

Theorem 6. The symmetric solution l|S3-2|) on a 2 ° a\ is monodromy solvable. Its linearization (0) at 
t = —lu 2 is reduced to the hypergeometric equation 

( 1 oo 

P< a 2 /3 ;r) 

I 1/3 ai (l + a + a 2 )/3 



^4 fundamental solution is 



/a 2 + l 1, „, 4 

I — ^ — > g(ao + a 2 + 2), -; 77 



In the same way, (IS3-1|I and (|S3-3|I can be reduced to the hypergeometric equation. 

In section D). 21 we will calculate the linear monodromy of the symmetric solution of o~ 2 ° o~\ explicitly. 

5 Linear Monodromy 

5.1 Linear Monodromy of the Symmetric Solution of o\ 

By (2a; — l) 2 = 1 — £, ^-surface Pi \ {0, 1, 00} is double covered by the 2>surface Pi \ {0, 1/2, 1, 00}. Let 
us make a cut from £ = 1 to 00 (x = 1/2 to 00), and suppose that x = 1 is on the second £-plane, and 
the base point and x = are on the first £-plane. 

Let us denote the standard paths around x = 0, 1/2, 1, 00 by 70, 71/2, 7i, Too, and denote the standard 
paths around £ = 0, 1, 00 by Lq, Li, L^. 
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Then we have 
which satisfy 



7o = L , 7i/ 2 = Lf, 7i=L 1 1 L Li, 7^ = L 



2 

00 ' 



7o7i/27i7oo = L Q (Ll)(L 1 1 L Q L 1 )L 2 oc = 1. 
Then we obtain monodromy matrix Mj along path jj (j = 0, 1/2, 1, 00). 
Theorem 7. The linear monodromy of the symmetric solution (IIH of o~\ is represented as 

M = roooAoTo^, M1/2 = Ti 00 A\T^ oo , 

Ah = (r |oo A i r^)(r 0oo A 1 r ^)(ri oo A, 1 r^) ; = ( e 2 ™ T ~) 2 , 

w/iere 

'1 oA A A ,„ iToc /'c^ 



^0 Ai e 27ria 3 J ! A^ _ e 7ria J ' e I Q e 7ri(ai+a 2 ) 

,-g 2 TTi/2 r(l-a 3 )r(ai/2) --(a 3 +g 3 /2)7ri r(l+a 3 )r(ai/2) 

r(( Ql +a 2 )/2)r(l-a 3 -Q 2 /2) e r(l-o 3 /2)r((l-a -0!2)/2) 



-(ai+a 2 )^/2 r(l-a 3 )r(-«i/2) 



r(Q 2 /2)r((l+a +a 2 )/2) e ' r((l- Ql -a 2 )/2)r(a 3 +a 2 /2) 

r((3+ao)/2)r(- ai /2) r((3+a )/2)r(a 1 /2) 
r((l+a +a 2 )/2)r((2-Q 1 -a 2 )/2) r(l-a 3 -ct 2 /2)r(l-ct 2 /2) 



r(a 2 /2)r(a 3 +a 2 /2) ° +a 2 )/2)r((l-a -Q 2 )/2) , 
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5.2 Linear Monodromy of the Symmetric Solution of a 2 ° <J\ 

Let us denote the standard paths around £ = w, uj 2 , 1, oo by j u , 7^2, 71, 7^, and the standard paths 
around t] = 0, 1, 00 by Lo, £1, Lqq. 

The £-space and the ?7-space is connected by £ 3 = 77. 




Then we have 



lu = L LiL a 1 1 7^2 = L 1 LiL , 71 = Li, 7oo = Z^, 



where 

7w7w 2 7i7oo = (LoLiL 1 )(L Q 1 LiL )Li(Ll o ) — L LiL 3 L oc . 

Since the monodromy along the path Lq is 1, the monodromy along the path 7^7^271700 is 1. 
Then we obtain monodromy matrix Mj along path (j = uj, uj 2 , 1, 00). 

Theorem 8. The linear monodromy of the symmetric solution (|S3-2f) 0/172 °o"i is represented as follows: 

= e" 2 ™" 2 (e 2 ^) 3 , M = (r^A^), 

m 1 = (ro 00 Aor i)(r 100 A 1 rri)(r 0oo A - 1 r -i), 
Moo = e 2 ^(r 0oo A - 1 r -^)(r loo A 1 rri)(r 0oo A r -i), 
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whe 



/l \ . _ (I \ 27IlT (e 2 ^/* 



Too 



Tic 



g27ri/3 I I iL l — e 27ri(l-Q -2a 2 )/3 ^ > — I Q e 27ri(l+ct +a 2 )/3 J ' 

„q 27 r t /3 r(2/3)r((l+q )/3) p (l+q 2 )7r»/3 r(4/3)r((l+q )/3) 

C r((l+Q +a2)/3)r((2-a 2 )/3) C r(l- Q2 /3)r((2+a +a 2 )/3) 

r (l+an+a?W3 r(2/3)r((l+q )/(-3)) r f2+an+a?W3 r(4/3)r((l+q )/(-3)) 

r(a 2 /3)r((l-ao-oa)/3) e P((2 «„ <« 2 )/3)I'((l I a»)/3) t 

r((2+a +2a 2 )/3)r((l+a )/3) p (-l+ ao +2a 2 )wi/3 r((4-a -2a 2 )/3)r((l+a )/3) 

r((l+a +a 2 )/3)r((2+a +a 2 )/3) C r((2-a 2 )/3)r(l-a 2 /3) 

r((2+a +2a 2 )/3)r((l+a )/(-3)) (-l+a n +2a,U»/3 r((4-a -2a 2 )/3)r((l+a )/(-3)) 
r(a 2 /3)r((l+a 2 )/3) e r((l-a -a 2 )/3)r((2-a -a 2 )/3) 



6 Characterizations of the monodromy 

In this section, we will characterize the linear monodromy of our symmetric solutions on Fricke's cubic 
surface of monodromy. 

To normalize the monodromy matrices in SL(2, C), we replace ip of the linearization as 

V> -> a; Q4/2 (:r - l) Q3/2 (a; - i) (a °~ 1)/2 V>, 
then the Riemann scheme of (j2J becomes 






1 


X, 2 


2 


a 4 


Q 3 


2 


2 



i y oo 

2 



2 



and then the monodromy matrices {Mo, M t , Mi, M^} become elements of SX(2,C). Hereafter we use 
this linearization. 

6.1 Linear monodromy of the Symmetric Solutions of o\ 

From the theorem0 we can calculate {po,Pi,Pt,Poo',Poi,Pit,Pto} for the symmetric solution (|S2-1J| . We 
have 

P0 — Pi — 2 C0S7Ta3, pt = 2 COS7r(a!o + 1), Poo = 2 COS7rO!l, 

and 

(7T 7T \ 

cos7r(a 3 + 1) + cos-(a - ai - 1) + cos -(a + ai - 1)J , (20) 

/ 7T 7T \ 

Poi = — 2 (1 + cos7r(ao + 1) + cos7rai + 4 cos — a\ cos7ra3 cos ^(ao + 1)J • (21) 



In the same way, for the solution l|S2-2(l . we have 

Po = Pi — 2 cos 7ra3 , pt — 2 cos7r(ao + 1), Poo — 2 cos irai , 

/ 7T 7T \ 

Pit = Pto = 2 (^cos7r(a 3 + 1) + cos -(a - ai + 1) + cos -(a + ct\ + 1)J , (22) 

(7T 7T \ 

1 + cos7r(a — 1) + cos7rai + 4 cos — a\ cos7ra3 cos ^(«o — 1)J ; (23) 

for QS2-3J) . we have 

Po = Pi — 2 cos 7ra3 , pt = 2 cos7t(q:o + 1), Poo = 2 cos irai , 

Pit = P*o = 2 (cos7ra 3 + cos ^(a - ai - 1) + cos ^(a + ai + 1)) , (24) 

/ 7T 7T \ 

Pol = — 2 (1 + cos7rao + cos7r(ai + 1) + 4 cos — (a\ + 1) cos7ra3 cos ^-aoj ■ (25) 
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and, for 1182-411 . we have 



Po = Pi = 2 cos 7703 , pt — 2 cos7r(ao + 1), Poo = 2 cos nai , 

(7T 7T \ 

cos7ra 3 + cos -(a - c*i + 1) + cos-(a + ai - 1)J , (26) 

Poi = — 2 (^1 + cos7ra + cos7r(o!i — 1) + 4 cos — (ai — 1) cos7ra3 cos ^" a oJ ■ (27) 
Certainly, they satisfies Q. 
Conversely, if we set 

X=p lt =Pto, Y=p i, 
A = po = pi = 2 cos7ra3, B = p t — 2 cos7r(ao + 1), C = Poo — 2 cos7ro;i, 

then becomes 

x 2 r + r 2 + 2x 2 - (A 2 + sc)r - 2{ab + ac)x + 2A 2 + b 2 + c 2 + a 2 bc -4 = 0. 

As an equation of Y, the discriminant of this equation can be factorized as follows 

(X - Xx){X - X 2 ){X - X 3 )(X - x 4 ), 

where Xi, X 2 , X 3 and X A are the right hand sides of l(20|). 1 (2*21 . J"*""J and """"'J. 

Now, we have the following. 

Theorem 9. Under the constraints po = p\ and pot — Pti, the relation of monodromy "*[]) admits 
a double root as an equation of poi, if and only if {Mo, Mt, Mi, M^,} is the linear monodromy of a 
symmetric solution of o~\ . 

6.2 Linear monodromy of the Symmetric Solutions of <j 2 ° °\ 

From the theorem |H1 we can calculate {po,Pi,Pt,Poo',Poi,Pit,Pto} for the symmetric solution (|S3-2j) . We 
have 

Po = Pi = Poo = 2cos(7rai), p t = 2cos7r(a - 1), (28) 
Pot = Pit = Ptoo = -1 - 2cos (^ao) + 4cos (| a ) cos7rai, (29) 

In the same way, for the solution l|S3-l|l . we have 

Po =Pi = Poo = 2cos(7rai), p t = 2 cos 7r(a - 1), (30) 
Pot =Pit = Ptoo = -1 - 2 cos (^(ao - 2)) + 4cos (| (a - 2)) coSTrai, (31) 

and, for (|S3-3|I . we have 

Po =Pi = Poo = 2cos(7rai), p t = 2 cos 7r(a - 1), (32) 
Pot =Pit =Ptoo = -1 -2cos( 2 ^(a + 2)) +4cos(f(a + 2))cos7rai. (33) 

Now, {po, Pi, Pt, Poo] Pool, Pti, Ptoo} also parameterize the monodromy, and they satisfy the following 
relation 

PoolPltPtoo +plol + Pit + Ptoo ~ (PooPl +PtPo)Pool ~ (PlPt + PooPo)Plt ~ (PtPoo +PlPo)Ptoo 

+ Poo + Pi + Pt + Po + PaPtPiPtPoo -4 = 0. (34) 
Since Mo, M t , Mi, M m are elements of «SX(2, C), we have 

Pot = trM M t = tr (MiM^) -1 = trM^Mi = Pool . 
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And thus, {po,Pi,Pt,Poo\Pta,Pti,Ptoa} also parameterize the monodromy. 
Conversely, if we set 

X =pto =Pti = Ptoc, A = p Q = pi =Poc = 2cos(7rai), B = p t = 2 cos7r(o;o - 1), 
then Ij34() becomes 

X 3 + 3Y 2 - 3{A 2 + AB)X + 3A 2 + B 2 + A 3 B -4 = 0. 
We can factorize the left hand side of this equation as follows 

{X-X 1 ){X-X 2 )(X-X 3 ), 

where Xi, X 2 , X 3 are the right hand sides of P^)l. (fTTT|> - ffify . 

Now we have the following theorem. 

Theorem 10. Under the constraints po — p\— Poo andpto = pti = Ptoo> the relation (|34|1 becomes a third 
order equation ofpta, whose solutions correspond to the linear monodromy of the symmetric solutions of 
02 ° o~i ■ 
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